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KINKED CRACKS IN AN ANISOTROPIC PLANE
MODELED BY AN INTEGRAL EQUATION
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Abstract-A boundary integral method for cracks in an anisotropic material is presented. The
method is based on the integral equation for the resultant forces along the cracks. The integral
kernel~ contain only a weak logarithmic singularity. which simplifies the numerical implementation.
Crack closure is also taken into account in the numerical formulation. Numerical tests are presented
to illustrate the etliciency and the reliahility of the proposed method.

l. INTRODUCTION

The increased use ofcomposite materials has resulted in a growing interest in crack problems
in anisotropic materials. see for example. the papers by Sih et al. (1965). Bowie and Freese
(1972). Dclale and Erdogan (1977). Cinar and Erdogan (1982) and Mishra and Misra
(19R3). It is known th<tt the boundary integral method is very efficient for the solution of
linear clastic crack problems. However. most of the results for cracks in an anisotropic
medium arc based on equations which are derived by using the integral transform method.
This technique limits the application to rather simple geometries. A numerical method
which is easy to apply and valid for more general crack configurations would be very useful
for fracture investigations.

In recent years. three different kinds of boundary integral equations have been applied
to crack problems in a two-dimensional isotropic elastic medium. The first kind ofequation
is an integral equation for the displacements on the boundary. the standard boundary
element method (BEM) (cf. Brebbia et al.• 1984). The second kind ofequation is an integral
expression for tractions on the crack surfaces (cf. lang and Gudmundson, 1988) and the
third kind of equation is an integral equation for resultant forces along the crack surfaces
(cf. Cheung and Chen. 1987; lang and Gudmundson. 1989a.b. 1990). As a comparison
with the other two kinds of equations. the resultant force type equation has some advan­
tages. Unlike the standard BEM. geometrical sectioning is no longer required by employing
the resultant force type equation. The unknowns of the problems can thus be significantly
reduced. In addition, the integral kernels in the equation contain a weak logarithmic
singularity, which is very easy to handle in the numerical calculation. It can also be proved
that the equation is valid for every point along the crack. which will simplify the selection
of the collocation points. Numerical tests by Cheung and Chen (1987) and lang and
Gudmundson (I 989a. b. 1990) indicate that the method employing the resultant force type
equation is probably the most efficient and reliable method for the solution of kinked crack
problems.

In the present paper. a boundary integral equation for the resultant forces along crack
lines with arbitrary crack configuration in a rectilinearly anisotropic plane is derived. A
numerical implementation similar to the method by lang and Gudmundson (1989a) is
employed to solve the equation. Crack closure is also taken into account by using the same
numerical algorithm presented by lang and Gudmundson (1990). Numerical tests are
presented to illustrate the efficiency and reliability of the proposed method.
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;;. THEORETICAL BASIS AND NUMERICAL IMPLEMENTATION

In the present study. plane anisotropic materials are considered. The generalized
Hooke's law for problems without coupling between out-of plane shear and in-plane stresses
can be written as (cf. Lekhnitskii, 1981)

or for plane strain and stress

6. = {J11(1.+{J12(1y+{J16'C ry ,

6y = {J12(1.r+{JU(1y+{J26'CX ,"

Y•.'· = {J 16(1 r + {J 26(1y + {J66'C ry ,

where for plane strain deformation problems

(I)

(2)

and for plane slrcss problems

{J il = (1.'1'

fT; = O. (4)

For an orlhotropic material with the material principal directions coinciding with the
coordinate axes, eqn (I) reads

C, = fTr/EI-VI2(1y/E2-VIJfT:!EJ,

cy = -V21(Jx/EI +(1v/E2- V2J(J;/EJ,

f:; = -vJI(Jx/EI-VJ2(Jy/E2+(J:!EJ,

Yxv = t.ry/G I2 ·

In eqn (5), Poisson's ralios and Young's moduli salisfy the following relation

(5)

(6)

The problem can be formulated by employing complex potentials (Lekhnilskii, 1981).
The components of the displacements, the stresses and the resultant forces can be expressed
as

Ur = 2 Re[P I<I>I(ZI)+P2cI>2(Z2)],

uy = 2 Re [q1cI>,(ZI) +q2cI>2(Z2)],

(Jr = 2 Re [JlrcI>', (z,) +/dcI>i(Z2)],

(Jy = 2 Re[cI>;(zd+cI>i(Z2»)'

tn' = -2 Re[PIcI>'I(ZI)+Jl2cI>i(Z2»),

Fr = +2 Re[pIcI>I(zd+Jl2cI>2(=2»)+C"

F,. = -2 Re[cI>I(=I)+cI>2(=J)+ Cz, (7)
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Fig. I. An edge dislocation in an anisotropic plane.

p/ = fJIIJI}+PI~-PI6JI,.

qi = fJdl/+fJdllj-fJ~6'

=j = X+Jlj)' (j = 1.2).

1857

(8)

In eqn (7). the primes denote the derivatives with respect to the arguments. C, is an arbitrary
real constant and II, is a root of the following characteristic equation

(9)

It has been shown by Lekhnitskii (1981) that the roots ofeqn (9) can never be real. For a
particular material. the roots of eqn (9) can thus be chosen as

( 10)

where bars denote complex conjugation.
It is now assumed that an edge dislocation is located at a point =0(.\'0.)'0). see Fig. I.

If the plane is cut by a straight line from the point =0 to infinity. an upper side and a lower
side of the line can be defined. see also Fig. I. The phase angle will thus change by 271: if the
point =0 is encircled from the lower to the upper side of the line. For a particular material.
the roots II, and II~ can be chosen such that 1m (II,) > 0 and 1m (/12) > O. For these kinds
of roots. it can be shown that

(II)

where =/0 = Xo + II/Yo (j = 1.2). i = J=I and the superscripts + and - denote the upper
and lower side of the sectioning line.

The potentials for the edge dislocation at a point =0 can be expressed as (Teutonico.
1969)

( 12)

where A and B are complex constants. These two constants can be determined by the
following conditions
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Fig. 2. Geometry and coordinate systems for a kinked crack.

F,(=+) - F,(=-) = O.

F,.(;+) - F,.(;-) = 0,

II,(:+)-U,(;-) = ~UI'

II,.(:+)-u,.(;-) = ~u!.

( 13)

( 14)

where ~UI is the magnitude of the dislocation. Substituting cqns (12) into eqns (7) and using
eqns (13), (14). the constants A and B can be expressed as

A = (A 'j+iA!,)~u"

B = (Blj+iB!)~uJ' (15)

where Aiel and BIe, (k = 1,2) are real constants which arc given in the Appendix.
The displacements. stresses and resultant forces generated by the edge dislocation at

t u can now be easily obtained. For example. the resultant forces at a point; can be expressed
as

( 16)

where FJIe is given in the Appendix.
If a piece-wise smooth crack r c (see Fig. 2) is considered and if the crack is sym­

metrically loaded (i.e. rt = - rj- • where rJ is the traction on the crack surfaces). the equation
for the resultant forces can in this case be written as

( 17)

where

(18)

The integral in eqn (17) is only performed along the lower crack line. If the point: tends
to the lower side of the crack line r c-. the resultant forces can be determined from the
integral of the tractions on the crack surfaces from crack tip A to the point: (: E r;).
Thus.
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(19)

Since only internal cracks are considered. the following constraint equation must be fulfilled

(20)

The problem of a piece-wise smooth crack in an anisotropic plane can now be for­
muluted by an integral equation for the resultant forces along the crack. eqn (19), coupled
to a constraint equation for the dislocation densities along the crack, eqn (20). Several
fe,ltures can be observed from eqn (19). First the integral kernel ~Ie only contains a
logarithmic singularity. as =-+ =0- Integrals with this kind of singularity are very easy to
handle in the numerical calculations. Secondly, it can be proved that eqn (19) is valid for
every point along the crack C. This feature will simplify the selection of collocation points
along the crack line.

Apart from a few special cases. eqn (19) has to be solved numerically. In the present
investigation. a boundary element technique associated with a collocation method is
employed. Since the form of the integral kernels File in eqn (19) is similar to those for cracks
in an isotropic plane (Zang and Gudmundson. I989a). the same numerical implementation
is utilized in the present investigation and will only briefly be explained here.

A crack formed by two straight lines is considered. The crack is divided into two
segments separatcd by the crack kink. Each line is then discretized into Nt elements with
N,+ I nodes. Thus a double node with the same coordinate is generated at the crack kink.
The linc coordinate s. ,tnd the dislocation densities D,. within an element away from the
crack tip. are described by stanllard linear isoparamctric shape functions. For instance, the
interpolations for the interval aka. t I become

s = flr! I ('1)SIe + 1"12('1)s. t ,.

DJ = AI I ('1)DJ•1e +M 2('1)DJ•Ie .. I.

M,(,O = (1-'1)/2.

M 2('1) = (I +'1)/2.

(21)

(22)

where s. denotes the coordinate. D).1e the dislocation density at node a/c> and I'll ~ I the
local coordinate for the element under consideration. For elements close to the crack tips.
for exampk the first clement tlt"h the following interpolation is used for the dislocation
densities

(23)

where '1 = - I denotes the crack tip.
From the discussion above. it follows that the unknowns in eqns (19), (20) are nodal

dislocation densities. which are denoted by D: or DJ•Ie . A collocation method is then
employed to solve the equations. The integrals along r.- are numerically evaluated by using
Gauss·Thebyshev quadrature for non-singular parts and ex.plicit analytical integration for
singular parts. Based on the results of Sih et al. (1965). the asymptotic expressions for the
displacement jumps. for example ncar crack tip A. can be expressed as

where

~l(, = 2j2;;(KICII+KIICd/1t.

~Uh :; 2j2;;(K1C21 + KuCd/1t. (24)
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Ctl = Re[i(-PIII:+P:PI) (P,-Il:l].

C 1: = Re[i(-PI+p:) (PI-P:)],

C" = Re[i(-qlll:+q:'uI) ('uI-'u:)],

C:: = Re[i( -ql +q;) (p, -p;»). (25 )

The stress intensity factors at crack tip A can thus be calculated afterwards as

K, = .../rr.1/2(D:C:;-D:Cd/c'

1\11 = Jrr.(2(DtC 1I -D:C:I)/C,

where

(26)

(27)

and I is the length of the first clement. It should be pointed out that the material constants
({f'k etc.), the roots II" P: and the dislocation densities D,~. Dt in eqns (24), (25) should be
evaluated in the coordinate system (X<lX~) which is attached to the crack tip A, see Fig. 2.

J. NUMERICAL RESliLTS

In this section, thn:e numerical examples arc presented to illustrate the elliciency and
the reliahility of thc proposed mcthod. An orthotropil: material is employed for all the
examples. The material is characterized hy Young's moduli HI = 1:'1 = 10. E; = .10, Pois­
son's ra tios \' I: = \'" = 0.25. \' 1 \ = 0.2 and the shearing modulus (j I: = 5, These material
constants represent a typical glass fiher/epoxy composite (cf. Jones, 1975). In addition,
plane strain dcl'orm;ltion is assumed for all the tests. It is noticed that crack closure may
occur in some cases ul1lkr the action of applied loads. In these cases, the friction hetween
the contact crack surfaces is neglected and the numerical algorithm presented by Zang and
Gudmundson (1l)l)O) is employed to solve the wntact problems.

3.1. A .l'lra(CJhl lilli' I'mI'''

A straight line crack in an orthotropic plane is considered, sec Fig. 3. The material
principal direction E I is rotated an angle 11 with n:spect to the crack. A uniformly distributed
normal pressure aIJ on the crack surfaces is considered. This problem has bcen examined
by Sih elul. (1965). Their results show that the stress intensity factors are independent of
the material constants. Based on the potentials provided by Sih and Chen (1981). the
explicit cxpressions for the displacement jumps along the crack can be written as

y

x
fig. J. 1\ str;lIght line crack In an orthotropie plane.
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Tablc: 1. Displa.:cmcntjumps along the crack for the straight line crack in Fig. 3. The numbers wlthm parentheses
indicate the number of elements used in the calculations

~Ul
t\lI j.u: ~Ul":) .:\u: ~Ultl"l ~u: .lu It .lu: t

0.000 ooסס0 OOסס.0 OOסס.0 OOסס.0 0.0000 OOסס.0 OOסס.0 0.0000
0.027 -0.0160 0.0606 -0.0161 0.0612
0.Q7~ -0.0260 0.0988 -0.0263 0.0998 -0.0263 0.0998
0.200 -0.OJI7 0.158~ -0.0421 0.1597 -0.0420 0.1595 -0.0419 0.15'J0
o.~o -0.0559 0.2123 -0.0559 0.2123 -0.0559 0.2124 -0.0558 0.2120
0.600 -O.O~O 0.2~30 -0.0640 0.2~31 -0.0640 0.2..m -0.0640 0.2~29

0.800 -0.068~ 0.2597 -0.068~ 0.2598 -0.0684 0.2599 -0.068~ 0.2597
1.00 -0.0698 0.2651 -0.0698 02652 -0.0698 0.2652 -0.0698 0.2650

K, 1.0022 1.0025 1.0013 1.0000

t Results from the analytic e.\pression.

~1I, = 2110(a: - x:) t:C II'

~1I1' = 2110(az-xZ)LZCZ\' (28)

where x = ±a denotes the crack tips. and C II and C Z1 arc given in eqn (25).
Since a boundary clement teclll1ique was employed in the present investigation. the

present example was used to study the clrect of the clement sizes on the accuracy of the
numerical results. The results for the displacement jumps along the crack calculated for
II = 45' and ditrerent numhers of clements arc presented in Table I and compared to the
analytil:al expressions ofeqn (2X). The results for the stress intensity l~tl:tor normalized with
respel:t to 11 11 \, 'Ira arc also presented in Table I. It is observed that the result for the stress
intensity fal:tor is insensitive to the size of the singular clement. In order to adlieve an
al:eurate result for the displal:ement jumps ncar cral:k tips, a singular clement with a size
orahout 3% of half cral:k length is recommended.

3.2. A 7"-.I'lltIl'cd crack
A. T-shaped crack in an orthotropic plane suhjected to remote uniform tension 11 11 in

the y direl:tion is I:onsiden:d, sec Fig. 4. The material principal directions arc assumed to
winl:ide with the coordinate axes. The crack is first cut into three segments at the crack
kink O. The first part, from crack tip A to 0, is modeled by 12 clements. The numbers of
the clements for the otha two branches an: varied from five to 12. dependent on the lengths
of the branches. In order to check the reliubility of the present method. a tinite clement
calculation using the program ADINA was carried out for the case where hla = 0.5. It
should be mentioned that crack closure occurs in this case in the branches parallel to the y
direction.

cn A, I
51 X(E,)52

81 a .1
Fig. ~. A T-shapcd crack in an orthotropic plane.
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T.lbi<: ~. Dlspla<:c:m.:nt jumps .Ilung the .:ra.:k fur the T-shapcd .:ra.:k

J[ ~II, ~u,t 5, ~u, .'.11,+

0 O.UOIH) 0.0000 0 0.U5()<) 0.0501>
01 U.Uo~J 00615 01 O.Uo4S 0.0047
O.~ 0.OSJ5 0.USJ5 O~ O.OJSI> 0.iHS5
O.J 0.0%7 0.0%6 OJ 00315 O.OJI~

0-1 U 10-11' O.IIWi OA O.IC~~ O.O~~~

05 O.IU'I~ O. \(WJ 0.5 0.001 H) O.OOIHI
0.6 0.1105 0.1106
0.7 O.lO<)J O.IO'IJ
OS O.106~ 0.106J
O'~ O.IOJ 1 O.IO~'I

1.0 O.WIS 0.101~

t Results b) tht: tinitt: dement .:akulation.

Table J. N"rmalileJ stress intensity factors fl1r lht: T-shapt:d .:rack

ha /":1 , I\IN I\IIN A.'" t 1\'8t 1\11 Nt

0.01 0.70S!) O.I~I>O O.I'I<)S 0.71)')5 O.IS.n O.2~OI

0.05 0.7125 O.O6-l0 0.21~X 0.71~5 0.0792 0.25'11
0.10 071h~ 0.0~-l7 0.22112 0.71'12 0.0144 0.2767
020 0.7225 0.0000 0.2-1IS 0.72S4 0.0000 02'155
(UO 0.72'15 O.l)()()() 0.241/5 0.7J<)J o ()()()O (U026
OAO 0.7.l73 O.()()OO 0.2521/ 07512 (UH)(H) 0..1045
0.50 0.7451' O.IH)()() 0.25J6 0.7M2 O.fH)OO 0.J022

In Table 2. the results for tJ./I~ along the hranches AO and OB computed hy the present
method arc compared to the finite dement results. :\ good agreement is ooserved. The
results for the stress intensity factors normali/.ed with respect to linv'lW computed for
dilkrent ratios h/a arc presented in Taole J. In order to show the effect of the material
properties on the stress intensity factors. results for the same prohkm hut with an isotropic
material arc also presented in Tahle 3. It is ohserved that if the length of the branches
parallel to the y direction is short enough. no crack closure occurs :tt these two crack tips.
Furthermore. it is found that the material properties have a larger effect on the results for
crack tips Band C than for crack tip A.

3.3. A crack u'ir!l ulle killk
A main crack with a small kinked branch subjected to remote uniform tension li ll in

the y direction is considered. sec Fig. 5. In this test, the coordinate axes arc attached to the
m:lin crack. the ratio lill = 0.0 I is employed. the angle :x between the main crack and crack
kink varies from - 90 to 90' and the material principal direction E, is rotated an angk {f
from the main crack. It was observed that the results for the stress intensity factors at the
main crack tip were almost uninlluenced by the presence of the small branch (1\, ::::: Ii" ..../TW.
1\" ~ 0). The results for stn:ss intensity f~lctors at the branched tip normalized with respect

y

x

Fig. 5. A crack wilh one kink in an orth<ltropic plan.:.
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Fig, 6, Normalized stress intensity f;tetors K1 for the kinked crack in Fig, 5, Stars denote the results
calculated for p = 0 '. circles for 11= }O • squares for II = 60 and tri,mglcs for II = 'JO',

0.6 .---,---.,---,.--.,---...,.....---,

0.2

-0.2

-0.6 '--_.1.....-_"--_"--_-'-_......-..1

-90 -30 30 90

Fig. 7. Normaliled stress intensity factors KI1 for the kinked crack in Fig. 5. Stars denote the results
calculatt.:d for Jl = 0 " circles for II = 30 • s4uares for II = 60 and triangles for II = <){) •

to (1t1J~~1are presented in Fig. 6 and Fig. 7. These results can be valu.tble for understanding
the mechanism of crack kinking in an anisotropic plane.

4. DISCUSSION

A boundary integral method for cracks in an anisotropic plane has been presented.
Since the method is based on the resultant force type equation. it shows the same advan­
tageous features which have been demonstrated for the corresponding formulations for
isotropic materials. Employing the same numerical algorithm presented by Zang and
Gudmundson (1990). crack closure could be taken into account without any further diffi­
culty. The proposed method is easy to apply and valid for cracks with any geometrical
configurations. The numerical tests demonstrated that the present method is an efficient
and reliable tool for the solution of crack problems in an anisotropic plane.

In the present study. only infinite geometries have been considered. Cracks in a finite
geometry can be handled by an application of the standard boundary element method
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(BEM) for the outer boundary and the present method for crack lines. see Zang and
Gudmundson (1989b) for an isotropic application.
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AI'I'ENDIX

In a particular coordinate systcm. the material constants (II,. etc.) and the roots uf eqn (9) can be evaluated.
'1 hc followilll,; v;l!ues call !lc detinct!

I', == I'}, + il',l (Ii" > OJ.

p, "'p"+ip,, ==flIlJJ/+/I'j-IJ ..JJ, (j= 1.2).

II, '" If" + i'l,l = !J"I',+/l ll ll',-IJ ,••

when: 1'".1'".'1" and 1',1' P,l.lf,l dcnote real and imaginary parts rc:spectively.
Thc constants A (A = A" + iAl.') and B (B = B,. +iB:uJ in eqn (15) can be exprc:ssed as

A" = +Jin£dC2£).

A,,= -Ji,,£d(2£}•

..1 1 , = -JJll£1I/(2£).

All = +Ji,,£,,/(2£).

B" = -A".

Bll =-A".

Bl , = -pIlA lI /l'll+(JJ"-I'lI)A,,IJJlh

B" = -p'lAulIJll+(P,,-JJ1,)AllllJlh

where

E'I == IJ,,(P,,-I'll) -P21(p,,-p:,).

E'l = -I'l,pI1+P,lP".

£11 == IJ,,('1,,-qll)-q,,(PII-I'lI)'

Ell = -It,:qll+I',,lfll.

£=£"£"-£,,E,,.

The integral kernels F" m eqn (l9; can be given as

(AI)

(A2)

(A3)
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(A~l

1
F,. = + ; (PIlA:., + Ilt:A I.) In (R , )+ (Pit A •• -;.I.,A,,)O, + (1111 8" +!l1,8.. ) In (R,) + (1111 8 I. -;.1,,8,,)0:].

-1
F" = -n-IA:., In (R ,)+ A••0, +8" In (R:) + 8,.0:].

where

R" = (:C-:Co)+Il,,(y-yo).

R,: = !l,:(y-.I'o).

R,: = (R~,+R}:).

0, = COS-I (R,,/ R,) (j = I. 2), (AS)


